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Abstract 

We prove existence of an invariant measure on a hypergroup. 

1 Introduction 

The notion of a hypergroup, more exactly, a DJS-hypergroup has appeared 
around 1973 in the independent works of C. Dunkl [1], R. Jewett[2], and R. Spec- 
tor [3]. Structures more general than commutative DJS-hypergroups, called 
commutative hypercomplex systems, were introduced by Yu. M. Berezansky 
and S. G. Krein [3J [S] (1950, 1957); for a detailed account of the theory of 
hypercomplex systems, see [6]. Introduction of the above structures can be 
considered as a development of the theory of generalized translation operators 
introduced and studied by J. Delsart [7] (1938), see also B. Levitan [8]. 

At the present time, the theory of hypergroups is well developed, see, e.g. [9]. 
However, much of the theory relies on existence of an invariant measure. Its 
existence has been proved only in particular cases, — for hypergroups that 
are either compact or discrete [21 E] , or locally compact and commutative [10] . 
In the case of a general locally compact hypergroup, a left (or right) invariant 
measure was assumed to exist, although existence of a subinvariant measure has 
been proved in [TD]. In this paper, we prove that a general (locally compact) 
hypergroup possesses a left (hence, a right) invariant measure. 

The paper is organized as follows. 

Section [2] introduces some notations used in the paper, recalls the definition 
of a hypergroup and some well known facts. 

Section [3] contains a proof of the main result. The proof is subdivided into 
several lemmas. 



2 Notations and definitions 

All undefined topological notions agree with [IT]. Let Q be a Hausdorff lo- 
cally compact topological space. The linear space of complex- valued continuous 
functions on Q is denoted by ^, the subspace of of functions approaching 
zero at infinity is denoted by "^o- The space is endowed with the norm 
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11/11 — supjgQ 1/(^)1- By ,yif , we denote the linear subspace of of functions 
with compact supports. Support of / G J^' is denoted by <S'(/). The hnear 
subspace of J(f of functions with the supports in a compact set K is denoted 
by J(f{K). The set of nonnegative continuous functions with compact supports 
will be denoted by Jifj^, and = J^j^ \ {0}; the subset of (resp., J^) 
of functions with the supports in a compact set K is denoted by (iiT) (resp. 
^^{K)). For a compact set if, we denote by \k a function in such that 
1^(5) = 1 for all s 6 ii'. By Ig, we denote the constant function, 1q(s) = 1 for 
ah s e Q. 

A measure is understood as a complex Radon measure [T^ on Q. The linear 
space of complex Radon measures, over the field C of complex numbers, is 
denoted by ./#. For a measure /i, its norm is ||/i|| = sup^gj^ ||/||<i Ia*(/)I- 
subspace of ^ of bounded (resp., compactly supported) measures is denoted by 
(resp., ^c)- The subset of ^ of nonnegative (resp., probability) measures 
is denoted by ^+ (resp., ^p). For a measure /i £ its support is denoted 
by S{\x). If ^ G ^+ n then = /x(lg). The Dirac measure at a point 
s £ Q is denoted by Es- The integral of / G J(f{F) with respect to a measure 
(U G ^ is denoted by ^(/) ^ { fi) Jj^{ f^st) dfi{t) = f{t) dfj.{t). 

The system of all compact neighborhoods of a point s G Q is denoted by Xg ■ 

A hypergroup is undersood in the sense of R. Spector [3], i.e., it is a locally 
compact topological space Q such that is endowed with the structure of a 
Banach algebra. The multiplication, called composition and denoted by *, is 
subject to the following conditions: 

{Hi) * C ^p-, 

(H2) the convolution ^p x ^p B {^1,^2) ^ A'l * M2 G -^p is separably contin- 
uous with respect to the weak topology cr(^bj'^o) on ^i,; 

{H3) the map Q x Q 9 (s, t) ^ * e* G is continuous with respect to the 
weak topology (t{^i,,'^o) on ^b', 

{H4) there is a point e G Q, which is necessarily unique, such that £e*M = /^*£e 
for all ^ G 

(Hq) there is an involutive homeomorphism Q 3 t 1-^ t E Q such that its 
continuation to ^b satisfies {fii * ^.2)' — ^2 * Ai! in particular, e = e; 

{Hq) for two points t, s G Q, the condition i = s is equivalent to the condition 
e G S{et * is); 

(Hi) for every compact subset K oi Q and any neighborhood V oi K there is 
a neighborhood [/ of e such that 

1) if S{fj.) C K and 5(i^) C C/, then S{fi * v) C V and 5(i^ =(= C F; 

2) if S'(^) C K and ^(z/) C Q \ V^, then the sets S{p * v), S{v * ^i), 
S{jl * v), S{v * fi) are disjoint with U . 
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For ji G ./#b and / 6 , the convolutions f and / * ^ are defined by 

= (1) 

We have Theorems 1.3.2, 1.3.3] that 

{fi* ly) * f ^ fi* {ly * f), f = {f * 

for / e ^ and ^,v,a ^ 

For subsets A and i? of Q, we use the notations A-B = U^,g^ ^(ea * Cfc); 
we write aB for {a} • B. 

For /X, e n we have [lOl Theorem 1-2] that *v) ^ S{p) ■ S{v). 
For / € ^ and /x e ^+ n [TUl Theorem 1.8] gives s\^l * /) = • S{f) 
and 

For a measure ^ G ^ and g G "^^j the measure /i/i is defined by ( /, /i/i ) = 
( /ft., /i ) for / G it is clear that hfi G for /i G J?!^. 

Definition. A positive Radon measure x on a hypergroup Q is called left in- 
variant 

(£a*/,X) = (/,X) (3) 

for all f £ and s £ Q. 

3 Main results 

Lemma 1. For f G J^, define /(s) = /(s). Then, for £ and f G , 
we have the following: 

*/)'=/* A, if * l^y^ fJ-* f, 

(4) 

(m* = {v* f,li)- 

Proof. Since /(s) = /(s) = ( /, ), using ([1]) we have 

* fy{s) = ( M * /, £s ) = ( /, A * £s ) = ( /, (es * /x)") = ( /, £s * M ) 
= (/*/i,£s), 

thus the first identity in (|4]) follows. The second one is proved similarly. The 
third one is obtained as follows: 

□ 

Lemma 2. Let /iq G be an arbitrary bounded positive Radon measure such 
that Sino) = Q. For U £ 3Ce and a function g G J(C^{U), define 

1 . , 

Xg = fJ-O- (5) 

Mo * g 
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Then Xg is a Radon measure, S{xg) = Q. Moreover, for any f G Jt+ and e > 
there exists Uf € OCe such that, for any g G ■Ji(f*{Uf), 



ll/-(/X3)*3ll <£■ 



(6) 



Proof. It follows from [ini Theorem 1.5] that * g G ^ and is bounded. It is 
easy to see that (^o * g){t) > for aU t £ Q. Thus, Xg is a Radon measure. It 
is evident that S{xg) = S{fio) — Q- 

Now, let us prove ([5]). First of all note that S{fxg) = S{f) is compact. Let 
us fix a compact neighborhood V of the compact set S{f). By axiom (iJ?) there 
is a compact neighborhood Uq of e such that S{f) ■ Uq C V. Hence, for any 
U cUoemdFe jq^U), we have S{f) c S{{fxg) *g)cV. 

Let now s E Q and consider 



\fis)~{{fxg)*g)is)\ 



(7) 



If s ^ then the expression in ([7]) is zero. Thus, let s E V. Using identities ((T)) 
and (lU we have the following: 

|/(s)-((/Xg)*g)(s)| = |(/-(/x9)*g,e.)| 

= \{f,£s)-{{fXg)*g,£s)\ 

= 7 r - ( Mo) *g,£s)\ 

{Ha*g,es) Mo * .9 

= (Es *5,Mo)7 r - (£s * 5, Mo) 



< 



(Mo 


*g,£s) 




1 


(mo 






1 
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*g,£s) 
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{{f,es) 
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sup 




teS{s,*g) 
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{fio*g,es) ' fio*g 

{s,*g,{f, e, )hq 

\ Mo * .9 

. ^ - f / f ^ \ /(mo *g,£^) 

£s * .9, ( /, ) 

V Mo * 5 



Mo 
Mo 



S{e,*g) 



dfj.o(t) 



(mo 

Mo * Si Es ) 



(/,£.)-(/,£*) 



(HQ*g,es) 



(Es *5,Mo) 



X sup 

tGS(ea*s) 



sup 

teSie,*g) 



(mo *.9,£i) 
(mo *S',es) 



(Mo *.9,et) 

(Mo 



{^xn*g,et) 
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Now let D = V X {V ■ Ua), and consider the function ip: D —^■'R. defined by 

It is continuous and its domain D is compact. Let us show that for a given 
e > there is Uf ^ "Xe, Uf C Uq, such that the variation of the function ip on 
sUf X tU f will be less than e, 

sUfXtUf'^ ^ sup |V'(si,ii) - V'(s2,i2)| < e, (9) 

for ah (t, s) e D. 

Indeed, if this were not the case, then there would exist eo > such that 
for each U € there would be a point {su,tu) £ D with Var^^jj^j^^V ^ ^o- 
Consider the net ((s[/, in the compact space D, and let ((s^,t^)) 

be a convergent subnet, that is, lim^(s^,i^) = {s*,t*) G D. 

Since ip is continuous in the point (s*, t*) there are open neighborhoods Ws* 
of the point s* and Wf of the point t* such that 

Var w,. xWt.-ip < eo- (10) 

Choose Fs" e 3Cs., i^^. C Ws*, and i^j. £ Xf, i^j. C W*., and using (iJr) we 
let ;7i e 3Ce, C/i C C/o, be such that F,, ■ Ui C Ws- and Ft* • tJi C Wf. 

Since hm-y(s^, i^) — {s*,t*), there is 7° £ F such that {sj,tj) G F^. x Ff for 
all 7 > 7*^. Choose 7 > 7*^ such that Uj C Ui. But then, by the construction 
of (s-y,t-y), we have that Var^, fy ip > eo, which is a contradiction to ()10p . 
since 

s^C/^ X i^C/^ c (Fs. • III) X (Ft. • Ui) c W,. X Wt.. 

Hence ([10]) holds for aU {s,t) G D. 

Setting Uf — U^ and using the obtained estimate ([9]) and definition (jS]) of 
we get that 



sup 

(si,ti),{s2M)^sU f xtU f 



W:£ti )-/ — : — : — r ^ \/'£«2 / 



(^o*g,eti) ' {fio*g,£t2) 
for all (s, t) G -D. Letting ii = i = s = si = S2 we have 



< e 



sup 

t2esijf 



{f,£s) - {f,£t2 )- 



(^0 *5,£t2 ) 

and observing that S{es * g) C sUf we obtain the needed estimate ([SJ. □ 



Lemma 3. Let f G Jt^ and /i G be nonnegative. Then for any e > there 
exists U G OCe such that 

(1 - e)||A^|| Uf) < ( /, M * ) < (1 + Uf), (11) 

for arbitrary g G J(f^{U) satisfying g — g. 
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Proof. Fix Uo eXe. For ei > 0, let Ui eXe, Ui C Uq, be such that © holds 
for any g G J^^iUi). Since 5((/xg) * 5) = • 5(g) C S{f) • C/q, setting 

K = S{f) ■ Uo and using ^ gives that 

ifXg) * g - eilK < f < ifXg) *9 + eilK- 

Hence, 

( ifXg) * , M * Xs ) - ei ( 1a:, M * Xg ) < ( /, * Xs ) 

< ((/Xs) *g,M*Xs) +ei(lx,Ai*Xs)- (12) 
Consider the first term in the left- and right-hand sides of (|12p . 

( ifXg) *9.t^*Xg) {f^* ifXg) *9iXg)- 
Denote Li = S{fi * (fXg) * !)) = ■ S{f) ■ S{g), which is a compact set. Then 

(A* (/Xg) *g,Xg) = (A* (/Xg) *.9,lLiXg) = ((liiXg) * 9 . * if Xg)) ■ (13) 

Let 62 > be arbitrary. Let U2 G 3Ce, U2 C Ua^ be such that 

||1Li - (UiXg) *.9ll < £2 

for any g e J^^iU^). If = S{{lL,Xg) * 9) = ^(UJ • S(g), then it follows 
from the last estimate that 

1li - e2lL2 < (liiXg) * 3 < 1li + e2lL2- 
Thus using that g — g and the last inequality we get 

(1li -e2lL2,A* (/Xg)) < ((liiXg) (/Xg)) < ( 1li + £2 11^ , A * (/Xg) ) • 

(14) 

Since S'(/i * (/Xg)) = S'(/i) • 5(/) C Li C L2, we have 

(1li,A* (/Xg)) = (lQ,A*(/Xg)) = A(lQ)Xg(/) IImII Xg(/)- 

In the same way, 

(lL2,A*(/Xg))-||A*IIXg(/). 

Hence, using the obtained values in inequalities (|14p we get from ([T^ an estimate 
for the first term in (IT^ . 

(1 - £2) IIa'II Xg(/) < ( (/Xg) * 5, * Xg ) < (1 + £2) UmII Xg(/)- (15) 
Consider now the second term in (|12l) . 

ei(li<-,M*Xg) = ei(A* lA:,Xg)- 
If Ki = S{J1 * l/c), which is compact, then 

ei(A*li^,Xg) ei(A*lA:,lA:iXg) = ei(lA:,M*(lxiXg)) 

< ei(l,A** (l^iXg)) = eiM(l)Xg(li<-i) 
= ei||M||Xg(lKj- (16) 

If we took ei = 2|fir7^' = ^e, .g e ^*(C^), where t/ = C/i n C/2, using ([H]) 
and (HH) in (HI]) we would arrive at ([TTl)- □ 
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Lemma 4. Let fo G J^_^ be fixed. For U £ %e and g G ,J^^{U) satisfying 
g = g, define 

where Xg is defined in Then for any f G J^_^ there exist positive af,hf G R 
and Uf G 3Ce such that 

a/ < Xs(/) < 6/ (18) 

for any g G je^{Uf), g^g. 

Proof. For functions /o,/ G J^+, it follows from [101 HI (P- 159)] that there 
exist positive measures fJ-i, fJ.2 G such that 

/ < Ml * /o and fo < fJ.2* /• 

Then, fixing e — 1 and letting Ui £ Xe he such that pT|) holds for /o, /zi, and 
arbitrary 5 G J(f^{Ui), we find that 

Xg(/) < (A^I * fo,Xg) = (/cAl *Xg) < 2||a<i|| Xs(/o), 

or 

x.(/)=^4A<2ii^iii- 

Xs(/o) 

If now U2 G !}Ce is such that (fTT|) holds for /, /i2, and arbitrary g G J^(C/2), 
then we similarly get that 

Xg{fo)<n^^2\\Uf)^ 

or 

x.(/) = ^> ^ 



xs(/o) 2|i/i2ir 

Hence, we can take a/ = 2||^' ^/ ~ 2||mi||, and Uf ^Uif] U2. □ 

Lemma 5. For each U G iKe, choose g G ^JC^([/) satisfying g — g. Then the 
'^si (Xg)t7e3Ce *s ct{.^ ^-Jif)- convergent, that is, the limit limu Xgif) exists for 
any f G . 

Proof. It is suSicient to prove that the net iXg{f))uex^ is Cauchy for / G Jf^ . 

First of all, it follows from ([T7)) that Xkg = Xg for any real fc > 0. So we can 
assume that all considered g are normalized so that Xgifo) — 1j hence Xg — Xg- 

Now, let y G 3Ce be fixed, and let e, < e < 1, be arbitrary. 

Let Uo G 3<Ce, Uo C V, be such that ^ holds for the functions f,fo and 
the measure Xgo^ as well as Xgoif) satisfies estimate ([TSl) . for any go £ -^^^+([^0)- 
Then 

(/Xgo) * .90 - elx < / < (/Xgo) * 5% + elif , (19) 
(/oXso) * 50 - el a: < /o < (/oXso) * ffo + el^, (20) 
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where we set K = U S{fo)) ■ V. Considering (HH) we get that 

((/Xgo) *90,Xg) -eXgll^) < Xg{f) < iifXgo) *90,Xg) + eXs(lA') (21) 

for any U & Xg and g G ,Jf_^{U). Now, consider 

iifXgo) *90,Xg) = {goAfXgoY *Xg), 

and let U G !}Ce be such that the measure Xgi 9 ^ ■^^{U), would satisfy (|lip 
for the function 50 and the measure {fXgoY ■ Then we have 

(1 -e)Xgo(/)Xg(.9o) < ((/Xgo) *.9o,Xs) < (l + e)Xsn(/)Xs(5o), 
which, together with (HU, gives 

(l-e)Xso(/)X3(3o)-eXs(lx) <X9(/) < (1 + e)X3„ (/)x<,(.9o) + eXgClx)- (22) 

Assuming that f7 was chosen such that the measure Xg satisfies (fTTj) also for the 
function 50 and the measure (/oXso)"j '^^ S^^ similar estimates for Xgifo), 

(l-e)Xso(/o)Xs(5o)-eXs(lif) < Xgih) < i'^ + e)Xgoifa)Xg{9a) + £Xgi'^K)- (23) 

Since g is normalized so that Xgifo) — Ij these inequalities yield the estimate 

1-£X3(1k) , ^ / X . l + eXg(lg) 

If we apply this estimate to ([22]) we get 



^ eXs(lA:))x3o(/) - eX3(lif) < Xs(/) 

< Y^(l + ^^ff(l^))^9o(/)+eX9(li^)- 

Finally, assuming that U was chosen so that Xg(l-R') satisfies estimate (ITSl) . we 
get 

^(1 - £&1k)Xso(/) - e&iK < Xs(/) < + £&1k)Xso(/) + e&iK- (24) 

This implies that for any Ui C U, U2 d U, and gi G ^*(C/i), 52 e =^(C/2), 

IXg,(/)-Xs.(/)l < ^^((l + (l + e2)6i,,)x,„(/) + 2e&i,. (25) 

Since C/q was chosen so that Xgoif) < follows from (|25|) that {xg{f))ufzjc 

is a Cauchy net. □ 

Theorem. On any {locally compact) hypergroup Q there exists a left invariant 
measure x with S{x) = Q- 
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Proof. For any / G Jf^, set x(/) = lini(7Xg(/) as in Lemma [SJ and extend it 
by linearity to a linear functional on J^. 

Let K he sl compact subset of Q and /i, /2 G J^^(-ftr). Then, for any U ^ Xe 
and g e we have 

IXg(/i) - Xa{f2)\ = IXgifi - /2)| = |x,(1k(/i - /2))| < Xg(lA')||/l - /2II. 
This shows that, eventually, 

\Xgifl)-Xgif2)\<hMl-f2\\, 

hence x is a bounded linear functional on J(^{K) for arbitrary compact if, and 
thus a Radon measure. 

By setting /U = £5 in inequality (ITT]) for Xg, dividing it by Xg(/o) and using 
that IIesII = 1, we get 

(1 - e)x,(/) <{f,es*Xa)^{Ss*f,Xg)<{l + ^)Xa{f)- 

Since this eventually holds for any e > 0, we see that x satisfies ([3]), hence it is 
a left invariant measure. It is clear that <S'(x) = Q^ since, for any / G i^^, we 
eventually have Xg (/)>«/> by Lemma SI □ 
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